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FLOW OF LIQUIDS IN PIPES OF CIRCULAR 
AND ANNULAR CROSS-SECTIONS 


I. LyTRoDUCTION 


1. Preliminary Statement.—This bulletin constitutes a report on 
the continuation of the work the results of which were published in En- 
gineering Experiment Station Bulletin No. 182.* 

In Bulletin No. 182 a brief discussion of the general theory of 
the flow of fluids was given, and it was indicated that the loss of 
head produced by friction could be calculated from the Darcy formula, 
or some modification of the Darcy formula: 


es (1) 


in which h = loss of head due to friction, in feet of fluid flowing 
f = friction factor 
| = effective length of pipe, in feet 
v = average fluid velocity, in feet per second 


m==mean hydraulic radius, in feet ae when the fluid 
fills a pipe of circular cross-section) 
d = inside diameter of pipe, in feet 
g = acceleration of gravity, in feet per second per second 
The friction factor f, as defined by Equation (1), depends upon 
the roughness of the rubbing surface of the pipe, and varies with the 
hydraulic mean radius, the velocity of flow, and the density and vis- 
cosity of the fluid. Hence in studies of friction loss in pipes it has 
become customary to correlate the friction factor f with the dimension- 
less ratio designated as Reynolds’ number, involving the various fac- 
tors influencing the numerical value of f, or 


Rawat (2) 


Vv Vv 


in which R = Reynolds’ number 
d = inside diameter of pipe, in feet 
m == mean hydraulic radius, in feet 
v = average fluid velocity, in feet per second 
v = kinematic viscosity (or absolute viscosity » divided by 
density p), in square feet per second. 


«Plow of Brine in Pipes,’ Univ. of Ill. Eng. Exp. Sta. Bul. 182, 1928. 


5) 
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Fic. 1. Scuematic PLAN or APPARATUS FOR FRICTION IN STANDARD PIPE 


2. Objects of Investigation —The objects of this investigation were: 

(a) To determine the relation between the friction factor and 
Reynolds’ number for two sizes of standard wrought-iron pipe, with 
two fluids, water and commercial calcium chloride brine. 

(b) To determine the relation between the friction factor and 
Reynolds’ number for channels of annular cross-section, with water 
and commercial calcium chloride brine. 

(c) To determine the head loss resulting from the use of standard 
cast-iron elbows in pipe lines conveying commercial calcium chloride 
brine. 


3. Acknowledgments.—This investigation has been part of the work 
of the Engineering Experiment Station of the University of Illinois, of 
which Dran M. 8. Ketcuvum is the director, and of the Department 
of Mechanical Engineering of which Pror. A. C. WILLARD is the head. 
Acknowledgment is also due to Mr. M. I. Levy for assistance rendered 
in the tests on cast-iron elbows. 


II. DrscrieTION or APPARATUS 


4. Experimental Pipe Lines—The pipe line used for the tests on 
the 144-in. pipe has been described in Bulletin No. 182. A similar 
arrangement was used for the tests on the 2-in. pipe as shown in Fig. 
1. The 2-in. pipe consisted of standard wrought-iron pipe having an 
actual internal diameter of 2.08 in. The section through which the 
friction pressure drop was measured consisted of two parallel lengths 
of 53.5 ft. each, connected by a 2.12-ft. radius return bend of the 
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same pipe and suspended in a horizontal plane, giving a total length 
of 113.7 ft. Corrections were made for the additional friction in the 
_return bend as discussed in Section 13. The test section, including 
the entrance and exit lengths of pipe, was made up of 20-ft. lengths, 
the ends of which were sawed square. After the burrs were removed, 
the lengths were carefully aligned and the joints butt-welded. The 
inner surface of the pipe at these joints was examined after the tests 
_were completed, and it was found to be free from any exceptional 
roughness. This examination also proved that the piezometer holes 
were free from burrs and that the surface of the pipe was not appre- 
ciably corroded. 


5. Annular Sections——The apparatus used for the tests on the an- 
nular sections was similar to that used for the single pipe, except that 
the annular sections were substituted as shown in Fig. 2, and pro- 
vision was made for the use of a constant head tank. The sections 
themselves were three in number, and the outer casing for each section 
consisted of a standard 2-in. wrought-iron pipe, having a total length 
of 23.0 ft. The piezometer holes were placed in the outside casings, 
the distance between holes in each case being 10.0 ft. Each section 
had an internal core with conical plugs at the ends. The core was 
extended approximately 4.5 ft. beyond the piezometer holes, and was 
supported concentrically with the casing by means of knife edges or 
set screws as shown in Fig. 2. 

The sections were designated as Nos. 1, 2, and 3 and the cores con- 
sisted of standard 144-in., 1-in., and %4-in. pipes, respectively. The 
complete dimensions are given in Table 1. 


6. Elbows—The apparatus used for the tests on elbows was also 
similar to that used for the single pipe except that ten 90-deg. elbows 
were substituted as shown in Fig. 3. In the case of the 2-in. elbows, 
ten elbows were connected by lengths of 2-in. pipe and were spaced 
5 ft. between centers. The ten 114-in. elbows were connected by 


TABLE 1 
DIMENSIONS OF ANNULAR SECTIONS 


Annular Section Number.....-: cece. seseeeers a 2 3 
Inside Diameter of Casing, in ft...........-.+045- 0.1717 0.1723 0.1717 
Outside Diameter of Core, in ft... ....... 202 ceenen 0.1383 0.1083 0.0883 
Mean Hydraulic Radius, in ft.........--+seeeeees 0.00833 0.01604 0.02085 
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Fic. 2. Scuematic PLAN or APPARATUS FOR FRICTION IN CHANNELS 
or ANNULAR Cross-SECTION 


lengths of 114-in. pipe and were spaced 3 ft. between centers. The 
ends of the connecting pipes were sawed square and the burrs were 
removed. In making up the Joints, all pipes were screwed equal dis- 
tances into the elbows. 

The piezometers in each case were located as shown in Fig. 3, so 
that the measured pressure loss included the loss in the elbows and 
the connecting piping. The calculated loss in the straight. pipe was 
then deducted as indicated in Section 15. The details of the elbows 
are also shown in Fig. 3. 


7. Pressure Measurement.—All pressure losses were measured by 
means of liquid manometers. Three types were used, adapting the 
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Fig. 3. ScHEMATIC PLAN or APPARATUS FOR FRICTION IN 90-DeEc. ELBows 


liquids to the magnitude of the differential pressures to be measured, 
and all pressures were converted to terms of feet of the fluid flowing 
for the final record. All manometers were connected to piezometer 
rings, the details of which are shown in Fig. 1, and were so arranged 
that any air which collected could be easily expelled. 


8. Temperature Measurement.—The temperatures of the fluid en- 
tering into and discharging from the test section were obtained by 
means of two calibrated thermocouples. Each thermocouple was made 
of No. 22 B. & S. gage copper-constantan wire immersed in oil in a 
%-in. glass tube, which was inserted a distance of 4 in. directly in the 
flowing fluid at positions indicated in Figs. 1, 2, and 3. All pipe lines 
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were lagged with a layer of 1% in. of hair felt, in order to reduce the 
temperature drop to a minimum. 


9. Velocity Measurement.—The rate of flow of the fluid was deter- 
mined by observing the time required to discharge a given weight of 
fluid. The auxiliary apparatus used for this purpose is shown in Figs. 
1, 2, and’3. 


III. Meruop or Conpuctine TESTS 


10. Selection of Test Conditions—For the purpose of this investi- 
gation the temperature and velocity of the fluid were regarded as in- 
dependent variables, and were varied over as wide a range as was 
found practical. The two fluids used were water and solutions of com- 
mercial calcium chloride. A typical analysis, on the dry basis, of the 
calcium chloride used is as follows: 


(OLN O] arent ERA AR Sameer i more nent Mand motrin uaa u ada 98.09 
INO SAR ae GaN coches racc terse eyaloh cttcalere the een tee foetbeNened a eerie vets 1.68 
CO is| 0 ean nena Ae I ACG OOOO Ce 7 OORT 0.08 
Ca (OH)> aiaa e/evetel stu ceive) ehellelie’ 6:0 /¢)ehelexel dfelees\ e¥etetsis hates svouett sie sveleneners 0.09 
Tnsolé 1m) sO wisi wcievsve searchers oclocraater ov eeyeerekersetave oralerem rarer renee 0.06 

100.00 


A test series consisted of a number of groups, each group run with 
a constant temperature and a number of different velocities. For any 
given test, the temperature and velocity were maintained constant 
during the test. 


11. Control of Test Conditions—The fluid was maintained at a 
constant temperature by means of a heater or cooler as the conditions 
required. Since the pump was operated at a constant speed, the ve- 
locity of the fluid was controlled by means of a throttle valve in the 
discharge pipe. The connections from the piezometer rings to the 
manometer were thoroughly purged of any entrapped air, and a period 
of several minutes was always allowed for conditions of flow to become 
constant before any observations were recorded. 


IV. CaLcuLATIONS 


12. Reynolds’ Number—Reynolds’ number was, in all cases, cal- 
culated by substituting the numerical values in Equation (2), Sec- 
tion 1. In order to facilitate similar calculations the curves for the reci- 


procal of kinematic viscosity for water and calcium chloride brine are 
shown in Fig. 4. 
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The mean hydraulic radius in the case of the circular cross-sec- 


oe : d 
tion is numerically equal to —. In the case of the annular cross-sec- 
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drach = cer a ms 
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in which m — mean hydraulic radius, in feet 
d, = internal diameter of the casing, in feet 
d, = external diameter of the core, in feet. 

In the case of circular cross-sections, it has been customary to 
evaluate the Reynolds’ number using the diameter d instead of the 
mean hydraulic radius m. This practice gives values numerically 
equal to those that would be obtained by using 4m. In the case of 
geometrically dissimilar cross-sections, it is doubtful whether any 
mathematical process ostensibly expressing the dimensions in terms 
of an equivalent diameter can be strictly justified. That is, while two 
cross-sections having the same mean hydraulic radius may be mathe- 
matically equivalent, they may not be physically equivalent owing to 
the fact that a different velocity distribution results from the differ- 
ence in the shape of the channels, and the head lost under otherwise 
similar conditions is influenced by the velocity distribution as well as 
by the average fluid velocity. However, in order to obtain Reynolds’ 
numbers of comparable magnitudes in the cases of both circular and 
_ annular cross-sections, the Reynolds’ numbers for the annular cross- 
sections in this bulletin have been evaluated on the basis of 4m, as 
indicated in Equation (2). 


13. Friction Factor for Standard Pipe.—Preliminary work indi- 
cated that the pressure loss around the return portion of the 2-in. 
pipe (see Fig. 1), which included 7.0 ft. of straight pipe and 6.7 ft. 
of curved pipe, was 14.6 per cent of the pressure loss through the 
entire test section of 113.7 ft. The equivalent length of the return 
portion accordingly was 

113.7 X 0.146 = 16.7 ft. of straight pipe. 
Therefore, the effective length of the 2-in. test section was 


113;7 == (7022 67) 16-7 iG ee 


For the 1%4-in. pipe the effective length of the test section, as given 
in Bulletin No. 182, was 108.0 ft. These effective lengths were sub- 
stituted in Equation (1), Section 1, in order to obtain the friction 
factor f. 


14. Friction Factor for Annular Sections—In the case of the annu- 
lar sections, the effective length was the distance between plezometer 
rings as shown in Fig. 2. The mean hydraulic radius was calculated 
from Equation (3). These values for the length and mean hydraulic 
radius were substituted in Equation (1) in order to obtain the fric- 
tion factor f. 
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15. Head Lost in Elbows.—The measured pressure loss between the 
piezometer rings shown in Fig. 3, expressed in feet of fluid flowing, 
included the loss in the elbows themselves and the loss in the connect- 
- Ing piping. The latter was calculated from the friction factors previ- 
ously determined for the straight pipe. For any given test on the 
elbows, the Reynolds’ number was calculated from the known velocity, 
kinematic viscosity, and pipe diameter. The friction factor correspond- 
ing to this Reynolds’ number was then determined from Fig. 5, and the 
head lost was obtained by using this value of the factor f, together 
with the proper length, in Equation (1). The total length of pipe 
used was 34.3 ft. for the 114-in. pipe, and 51.3 ft. for the 2-in. pipe. 
This calculated loss in the straight pipe was then deducted from the 
measured loss and the result was divided by 10 in order to obtain the 
loss for a single elbow. For the purpose of plotting, this loss was con- 
verted to terms of equivalent length of straight pipe, and also to head 
lost per velocity head. 


V. Resuuts or Tests 


16. Standard Wrought-Iron Pipe—tThe results of the tests on the 
standard 2-in. pipe are given in Table 2. The points representing these 
results have been plotted in Fig. 5, which also includes the results of 
the tests on the 114-in. pipe previously reported in Bulletin No. 182. 
The band of points shown in Fig. 5 therefore represents results ob- 
tained with two sizes of pipe, and with two fluids, over a wide range 
of specific gravity, temperature, and viscosity. This band of points 
may be represented in the region of turbulent flow by a mean line, as 
shown in Fig. 5, such that the maximum deviation of any point from 
the line does not represent a deviation of more than 9 per cent in the 
value of the friction factor. Furthermore, the distribution of points is 
such that it is not possible to draw two distinct lines thus separating 
the performance of the 114-in. and 2-in. pipes, or to distinguish be- 
tween the fluids used. Therefore, in cases where geometrically similar 
cross-sections are involved, the use of the Reynolds’ number affords 
a means of correlating the friction factors over a wide range of condi- 
tions, and the difference in roughness ordinarily encountered in com- 
mercial pipes does not introduce errors of ‘sufficient magnitude to be 
taken into serious consideration. The difference between turbulent and 
viscous flow has been discussed in Bulletin No. 182. 
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TABLE 2 


Principat Resuuts or Tests on Fiow or Liquips IN 
2-In. WRovucuHtT-IRoN Pipe 


Reciprocal 

: Average | of Kinematic} Average Head Loss Friction Reynolds’ 
Test Specific Temp. Viscosity Velocity ft. of fluid Factor Number 

No. Gravity sec, per sq. ft.| ft. per sec. 

deg. F. 1/v v h ep R 
1 2 3 4 5 6 vp 8 

1 1.000 61.0 84 200 4.62 5.55 0.0062 67 500 
2 1.000 61.0 84 200 6.41 10.30 0.00598 93 600 
3 1.000 62.0 84 200 5.73 8.48 0.00615 83 700 
of 1.000 62.0 85 300 5.30 7.21 0.00614 78 400 
5 1.000 62.0 85 300 3.91 4.14 0.00647 57 800 
6 1.000 62.0 85 300 3.11 2.73 0.00671 46 000 
7 1.000 62.0 85 300 2.76 2.19 0.00688 40 800 
8 1.000 62.0 85 300 2.56 1.91 0.00699 37 800 
9 1.000 62.0 85 300 2.35 1.65 0.00714 34 700 
10 1.000 62.0 85 300 1.99 1.22 0.00738 29 400 
11 1.000 63.0 86 500 1.53 0.760 0.00773 22 900 
12 1.000 63.0 86 500 1.24 0.519 0.00810 18 600 
13 1.000 63.0 86 500 0.953 0.334 0.00877 14 300 
14 1.000 64.0 87 600 0.794 0.229 0.00870 12 050 
15 1.000 64.0 87 600 0.620 0.158 0.00980 9 420 
16 1.150 76.5 66 500 5.69 8.56 0.00630 65 600 
17 1.150 76.5 66 500 5.25 7.44 0.00640 60 500 
18 1.150 76.5 66 500 4.09 4.62 0.00658 47 100 
19 1.150 77.0 66 800 3.92 4.25 0.00657 45 400 
20 1.150 77.0 66 800 3.32 3.11 0.00674 38 400 
21 1.150 77.0 66 800 3.35 3.18 0.00671 38 800 
22 1.150 1D 66 800 2.96 2.51 0.00681 34 300 
23 1.150 77.0 66 800 2.62 2.03 0.00702 30 300 
24 1.150 77.0 66 S00 2.28 1.58 0.00690 26 400 
25 1.150 ran) 66 800 2.12 1.39 0.00735 24 500 
26 1.150 77.0 66 800 1.76 1.00 0.00769 20 400 
27 1.150 77.0 66 800 1.54 0.785 0.00792 17 800 
28 1.150 Feo: 67 100 1.28 0.568 0.00830 14 900 
29 1.150 77.5 67 100 1.02 0.383 0.00868 11 900 
30 1.150 17.5 67 100 0.85 0.277 0.00903 9 880 
31 1.150 78.0 67 500 0.72 0.211 0.00966 8 420 
32 1.150 78.0 67 500 0.60 0.150 0.00992 7 010 
33 1.150 78.0 67 500 0.49 0.106 0.01050 5 720 
34 1,157 15.0 26 400 5.76 10.0 0.00720 26 400 
35 1.156 17.0 27 500 5.32 8.60 0.00723 25 400 
36 1.156 17.5 27 800 4.86 7.25 0.00730 23 400 
37 1.155 19.0 28 600 0.460 0.136 0.0154 2 280 
38 1.155 19.0 28 600 0.848 0.334 0.0111 4 200 
39 1.154 21.0 29 900 0.589 0.202 0.0139 3 060 
40 152 24.0 31 600 es} 0.652 0.01005 6 830 
41 1.152 24.0 31 600 1.39 0.695 0.00845 7 620 
42 1.152 23.0 31 000 1.68 1.06 0.00902 9 020 
43 1,152 22.0 30 500 1.93 1.385 0.00883 10 200 
44 1.152 22.0 30 500 2.28 1.79 0.00882 12 080 
45 1.152 23.0 31 000 2.79 2.60 0.00795 15 000 
46 Ber52 23.0 31 000 3.18 3.20 0.00776 17 100 
47 15152 24.0 31 600 3.66 4.23 0.00755 20 050 
48 1.152 24.0 31 600 4.04 5.03 0.00731 22 100 
49 Pel 52 25.0 32 300 4.44 6.03 0.00728 24 800 
50 ToLo2 25.0 32 300 5.03 7.62 0.00720 28 200 
51 1.152 25,0 32 300 5.80 9.75 0.00694 32 400 
62 52 25.0 32 300 0.646 0.198 0.01138 36 200 
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TABLE 3 


PrIncripAL Resutts or Tests on Fitow or Liqurips IN 
ANNULAR SeEcTIon No. 1 


Reciprocal —"s 
Average | of Kinematic! Average Head Loss Friction 
Test Specific Fluid Viscosity Velocity ft. of fluid Factor 
No. Gravity Temp. | sec. persq. ft.) ft. per sec. flowing 

deg. F. 1/v v h ij 

1 2 3 4 5 6 7 
1 1.000 67.0 91 000 0.887 0.160 0.01094 
2 1.000 68.5 92 800 1.462 0.370 0.00927 
3 1.000 73.0 97 500 2.110 0.700 0.00845 
4 1.000 69.0 93 500 2.640 1.070 0.00822 
5 1.000 68.0 92 200 3.460 1.730 0.00772 
6 1.000 Cid 91 600 4.060 2.350 0.00762 
eg 1.000 67.0 91 000 4.620 2.990 0.00748 
8 1.000 67.0 91 000 5.110 3.580 0.00735 
9 1.000 67.0 91 000 5.780 4.500 0.00720 
10 1.148 71.0 62 500 5.370 4.200 0.00790 
11 1.148 aeO 62 500 4.720 3.310 0.00795 
12 1.148 Tt.0 62 500 4.080 2.530 0.00811 
13 1.148 71.0 62 500 3.470 1.890 0.00830 
14 1.148 YG Ao) 62 500 2.760 1.230 0.00868 
15 1.148 THE) 62 500 2.240 0.850 0.00908 
16 1.148 71.0 62 500 1.790 0.570 0.00955 
17 1.148 71.0 62 500 1.220 0.300 0.01080 
18 15163 34.0 38 000 5.240 4.360 0.00853 
19 1.153 34.0 38 000 4.650 3.480 0.00864 
20 1,153 34.0 38 000 4.000 2.670 0.00895 
21 1.153. 34.0 38 000 3.820 2.470 0.00906 
22 1.153 34.0 38 000 3.230 1.840 0.00948 
23 1.153 34.0 38 000 2.590 1.230 0.00983 
24 1.153 34.5 38 200 1.920 0.750 0.01090 
25 1.153 35.0 38 500 1.350 0.385 0.01130 
26 1.000 67.0 91 100 0.509 0.059 0.01230 
27 1.000 67.0 91 100 0.607 0.088 0.01280 
28 1.000 67.0 91 100 0.711 0.113 0.01190 
29 1.000 67.0 91 100 0.835 0.135 0.01060 
30 1.000 66.5 90 500 0.894 0.156 0.01045 
31 1.000 66.5 90 500 0.940 Ona 0.01078 
32 1.000 66.0 90 000 1.032 0.206 0.01030 
33 1.000 66.0 90 000 1.090 0.230 0.01040 
34 1.000 65.5 89 400 1.210 0.272 0.00990 
35 1.000 65.5 89 400 1.303 0.310 0.00978 
36 1.150 62.5 57 000 0.129 0.025 0.08150 
37 1.150 63.0 57 300 0.243 0.042 0.03830 
38 1.150 63.0 57 300 0.308 0.053 0.02990 
39 1.150 63.0 57 300 0.409 0.067 0.02160 
40 1.150 63.0 57 300 0.479 0.079 0.01850 
41 1.150 63.0 57 300 0.608 0.103 0.01500 
42 1.160: 63.0 57 300 0.764 0.134 0.01230 
43 1.150 64.0 58 000 0.965 0.208 0.01200 
44 1.150 64.5 58 400 1.030 0.239 0.01210 
45 1.150 64.5 58 400 1.134 0.279 0.01170 
46 P50 64.0 58 000 1.334 0.365 0.01100 
47 1.150 64.0 58 000 1.522 0.460 0.01060 
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TABLE 4 


Principat REsutts or TEsts on Ftow or Liquins IN 
ANNULAR Section No. 2 
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Reciprocal 
Average | of Kinematic] Average Head Loss Friction Reynolds’ 
Test Specific Fluid Viscosity Velocity ft. of fluid Factor Number 
No. Gravity Temp. sec. per sq. ft.| ft. per sec. flowing 
deg. F. 1/v v h of; R 
1 2 3 4 5 6 7 8 
il 1.000 Leo 97 500 0.621 0.040 0.01065 3 890 
2 1.000 72.5 98 600 0.846 0.072 0.01032 5 350 
3 1.000 1.5 97 500 1.350 0.159 0.00903 8 450 
4 1.000 72.5 98 600 1.615 0.225 0.00892 10 200 
5 1.000 71.5 97 500 2.010 0.326 0.00830 12 600 
6 1.000 Vee 98 600 2.200 0.388 0.00828 13 900 
Hf 1.000 (ERE 97 500 2.520 0.493 0.00805 15 800 
8 1.000 (ns 97 500 2.750 0.583 0.00795 17 200 
9 1.000 abate 97 500 2.960 0.670 0.00790 18 600 
10 1.000 isleto) 97 500 3.270 0.801 0.00774 20 500 
11 1.000 63.0 86 500 0.331 0.018 0.01710 1 835 
12 1.000 63.0 86 500 0.482 0.028 0.01230 2 670 
13 1.000 62.0 85 400 0.617 0.039 0.01050 3 380 
14 1.000 61.5 84 800 0.809 0.059 0.00930 4 410 
15 1.000 61.0 84 200 0.955 0.081 0.00913 5 160 
16 1.000 60.5 83 700 1.088 0.106 0.00926 5 840 
a7 1.000 60.0 83 000 1.220 0.131 0.00909 6 500 
18 1.000 60.0 83. 000 0.820 0.067 0.01040 4 370 
19 1.000 60.0 83 000 0.667 0.048 0.01120 3 550 
20 1.000 60.0 83 000 0.391 0.025 0.01720 2 080 
21 1.151 58.5 54 200 0.185 0.014 0.04340 644 
22 1.151 58.5 54 200 0.297 0.020 0.02400 1 033 
23 1.151 58.5 54 200 0.437 0.030 0.01630 1 520 
24 1.151 59.5 54 900 0.610 0.048 0.01340 2 150 
25 Ue iay 59.5 54 900 0.710 0.061 0.01260 2 500 
26 1.151 59.0 54 500 0.888 0.085 0.01120 3 100 
27 1.151 59.0 54 500 0.637 0.054 0.01380 2 230 
28 1.151 59.0 54 500 0.482 0.039 0.01720 1 680 
29 1.151 59.0 54 500 0.307 0.025 0.02780 1 070 
30 1.151 59.5 54 900 0.902 0.085 0.01085 3 180 
31 1.151 60.0 55 200 0.981 0.100 0.01080 3 470 
32 P15) 60.0 55 200 1.073 0.116 0.01040 3 800 
33 1.151 60.0 55 200 1.232 0.148 0.01010 4 360 
34 1.151 60.0 55 200 1.856 0.316 0.00956 6 560 
35 Ue15t 60.0 55 200 2.430 0.528 0.00921 8 610 
36 1.150 64.0 58 000 3.680 1.100 0.00845 13 700 
37 15150 64.0 58 000 3.480 0.999 0.00852 12 900 
38 1.150 64.0 58 000 3.250 0.891 0.00869 12 100 
39 1.150 64.0 58 000 3.080 0.795 0.00867 11 500 
40 1150 64.0 58 000 2.830 0.682 0.00881 10 500 
4] ai. 150 64.0 58 000 2.570 0.582 0.00907 9 550 
42 1.150 64.0 58 000 2.340 0.485 0.00915 8 700 
43 1.150 64.5 58 200 2.140 0.401 0.00901 8 000 
44 1.150 64.5 58 200 1.810 0.299 0.00944 6 750 
45 1.150 64.5 58 200 1.540 0.226 0.00985 5 750 
46 1.150 64.5 58 200 1.240 0.154 0.01030 4 630 
47 1.149 65.0 58 500 1.090 0.122 0.01060 4 090 
48 1.149 65.0 58 500 0.926 0.093 0.01130 3 480 
49 1.149 65.0 58 500 0.711 0.063 0.0130 2 670 
50 1.149 65.0 58 500 0.481 0.037 0.01660 1 810 
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TABLE 5 


PRINCIPAL RESULTS or TESTS ON FLow or LiquiIDs IN 
ANNULAR SeEcTION No. 3 


Reciprocal ee ; 

Average | of Kinematic] Average Head Loss Friction Reynolds 

Test Specific Fluid Viscosity Velocity ft. of fluid Factor Number 

No. Gravity Temp. sec. per sq. ft.} ft. per sec. flowing 
deg. F. 1/v v h i R 
1 2 3 4 5 6 7 8 

1 1.000 69.0 93 500 0.902 0.057 0.00944 7 040 
2 1.000 68.5 92 800 1.188 0.088 0.00833 9 160 
3 1.000 68.5 92 800 1.725 0.160 0.00718 13 360 
4 1.000 68.0 92 200 2.170 0.239 0.00681 16 680 
5 1.000 68.0 92 200 2.720 0.360 0.00653 20 920 
6 1.000 67.0 91 000 3.080 0.452 0.00638 23 360 
7 1.000 67.0 91 000 3.620 0.603 0.00615 27 480 
8 1.000 67.0 91 000 4.130 0.770 0.00604 31 320 
9 1.000 73.0 97 500 1.475 0.113 0.00690 12 000 
10 1.000 69.0 94 000 3.280 0.481 0.00599 24 160 
ll 1.151 50.5 48 800 0.683 0.035 0.01012 2 800 
12 1.151 51.0 49 100 0.922 0.056 0.00885 3 810 
13 IVS Gayl 51.0 49 100 1,161 0.083 0.00820 4 810 
14 1.151 51.0 49 100 1.482 0.126 0.00768 6 140 
15 1.151 51.0 49 100 2.700 0.378 0.00713 11 800 
16 1.151 52.0 49 900 0.616 0.034 0.01203 2 590 
Ly 1.151 52.5 50 000 0.911 0.059 0.00960 3 830 
18 1,151 52.5 50 000 1.452 0.124 0.00783 6 110 
19 1.151 53.5 50 800 2.750 0.390 0.00689 11 750 
20 1.151 52.5 50 000 2.740 0.395 0.00703 11 520 


17. Channels with Annular Cross-Sections—The results of the 
tests on channels with annular cross-sections are given in Tables 3, 
4, and 5. These results have been plotted in Fig. 6. The points ob- 
tained from all three sections have been represented by a single mean 
curve. In this case, considerable deviations from the mean line may 
be observed, the maximum deviation being approximately 14 per cent. 
There is also some tendency for the points to separate into distinct 
lines for the three sections. A consideration of the principles of di- 
mensional homogeneity may serve to explain these deviations. 

The following statement is made by Stanton and Pannell:* “Simi- 


larity of motion in fluids at constant values of the variable ae will 
v 


exist, provided the surfaces relative to which the fluids move are geo- 
metrically similar, which similarity, as Lord Raleigh has pointed out, 
must extend to those irregularities in the surfaces which constitute 
roughness.” 

Since the same sized outside casing was used for all three of the 
sections tested, and the diameter of the core was varied, the sections 


*Stanton and Pannell, ‘On Similarity of Motion in Relation to the Surf icti 
Fluids,” Phil. Trans. Roy. Soc. A, Vol. 214, 1914, p. 199. 0 eee 
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were not strictly geometrically similar. Furthermore, they were not 
similar to the circular sections. As indicated in Section 14, by evalu- 
ating the Reynolds’ number on the basis of the mean hydraulic radius, 
cross-sections having the same mean hydraulic radius could be re- 
garded as being mathematically equivalent, thus making it possible to 
plot all points to the same scale. However, mathematical equivalency 
in this case may not necessarily constitute physical equivalency, since 
the friction pressure loss is influenced by the velocity distribution 
across the-cross-section, as well as by the average velocity. Cross- 
sections having the same mean hydraulic radius do not necessarily 
have the same velocity distribution, and different friction pressure 
losses may be obtained even when the average velocities and viscosi- 
ties are the same. Therefore, it is not unreasonable to find that greater 
deviations from the mean curve occur when the three different annular 
cross-sections are considered than those occurring in the case of the 
pipes with circular cross-sections. It is also reasonable to expect that 
the mean curve for the annular sections should not coincide with the 
curve for the circular pipes. This lack of coincidence is shown in 
Fig. 6, in which the curve for the circular pipes has been reproduced 
for the purpose of comparison. It is also possible that the results from 
the three annular cross-sections should be represented by three sepa- 
rate curves, but since variations in roughness seem to introduce an 
element of uncertainty that might lead to inconsistency, it has been 
considered best to represent the results from all three of the sections 
by a single mean curve. This procedure may be justified by the limited 
range of cross-sections investigated, but it is doubtful whether a 
single curve can be regarded as applicable to a wide range of cross- 
sections. 


18. Elbows —The results of the tests on elbows are given in Tables 
6 and 7. The relation between Reynolds’ number and the friction loss 
in the 1%4-in. elbow, expressed in terms of the equivalent length of 
114-in. pipe, is shown in Fig. 7. A similar relation for the 2-in. 
elbow, expressed in terms of the equivalent length of 2-in. pipe, is 
also shown in Fig. 7, and for the purpose of comparison, a similar 
curve given by McAdams* has been reproduced. 

The results must apparently all be represented by separate and 
distinct curves. The tests on elbows reported in this bulletin were 
all made with a solution of calcium chloride, and apparently a greater 


*W. H. McAdams, “Flow of Fluids,” Mass. Inst. Tech. Serial No. 121. 
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PRINCIPAL ReEsutrs op TEstTs on FLow or Liauws in 
1ly-n. Cast-Iron 90-pra. Exzows 


Reciprocal 
of Kine- Average Head 

f Average matic Velocity Reynolds’ Loss in Equivalent Head Loss 

Tes Specific Temp, Viscosity in ft. Number Pipe and Length of per Elbow 

No. Gravity sec. per per sec. Elbows Elbow in divided by 

sq. ft. ft. of brine pipe di- Velocity 
ameters Head 

deg. F. l/p v R h 
1 2 3 t 5 6 ih 8 9 
ee | eee ae 
1 1.200 67.0 49 400 6.56 37 200 12.40 40.2 1.081 
2 1.200 67.0 49 400 6.35 36 000 11.58 38.1 1.040 
3 1.200 67.0 49 400 6.03 34 200 10.43 37.6 1.030 
4 1.200 67.0 49 400 5.69 32 300 8.99 34.8 0.961 
5 1.200 67.5 49 700 4.96 28 400 7.06 36.1 1.010 
6 1.200 68.0 50 000 4.59 26 400 6.16 36.2 1.035 
7 1.200 68.0 50 000 4.01 23 100 4.75 35.2 1.028 
8 1.200 68.0 50 000 3.38 19 400 3.39 33.6 1.014 
9 1.200 68.0 50 000 2.61 15 000 2.11 32.6 1.042 
10 1.200 62.0 46 500 Gro? 34 800 12.72 40.6 oars 
1] 1.200 62.0 46 500 5.84 31 200 10.23 39.4 1.093 
12 1.200 62.0 46 500 5.08 27 100 7.74 38.1 1.080 
13 1.200 63.0 47 100 3.57 19 300 3.87 34.6 1.043 
14 1.200 63.0 47 100 3.13 17 000 2.98 33.2 1.030 
15 1.200 63.0 47 100 2.48 13 400 1.90 30.5 1.000 
16 1.200 64.0 47 600 2.30 12 600 1.56 27.6 0.915 
ie 1.200 64.5 47 900 iS 7erl 9 410 1.05 31.5 1.120 
18 1.200 64.5 47 900 2.25 12 400 1.60 30.9 1.030 
19 1.200 65.0 48 200 1.40 7 750 0.648 26.9 1.010 
20 1.200 65.0 48 200 LO 6 100 0.425 26.2 1.046 
21 1.200 65.0 48 200 0.804 4 460 0.247 26.3 1.145 
22 1.200 65.0 48 200 0.631 3 500 0.158 24.4 1.150 
23 1.200 58.5 44 600 0.714 3 660 2.08 25.0 1.200 
24 1.200 59.5 45 100 0.738 3 830 2.10 24.1 1.108 
25 1.200 59.5 45 100 0.596 3 100 Ded. 25.6 1.260 
26 1.200 60.0 45 400 0.779 4 060 2.36 25.6 STSS 
27 1.200 60.0 45 400 0.842 4 400 2.74 26.6 LTE 
28 1.200 60.0 45 400 0.938 4 900 3.28 26.8 rie7 
29 1.200 61.0 46 000 0.888 4 700 2.85 24.4 1.043 
30 1.200 61.0 46 000 0.575 3 040 1.44 27.1 1.334 
31 1.200 61.0 46 000 1.29 6 790 5.92 29.7 5S 
32 1.200 61.0 46 000 4.32 22 800 5.60 35.3 1.036 
33 1.200 61.0 46 000 3.19 16 850 3.07 32.0 0.996 
34 1.200 61.0 46 000 6.43 34 000 12.50 41.0 ge ae 
35 1.210 32.0 30 000 5.93 20 500 10.90 36.6 1.095 
36 1.210 32.0 30 000 6.49 22 400 12.68 35.8 1.050 
37 US210 32.5 30 500 4.93 17 300 7.43 34.1 1.050 
38 1.209 33.0 30 600 3.65 12 880 4.09 29.7 0.985 
39 1.209 33.5 31 000 2.58 9 200 2.13 27.6 0.991 
40 1.208 35.0 31 800 3.34 12 200 3.61 32.1 1.079 
41 1.208 30u0 32 000 2°84 10 460 2.69 32.1 LAV 
42 1.208 35.5 32 000 2.41 8 860 1.89 27.9 1.012 
43 1.207 36.0 32 300 1.97 7 320 1.36 29.4 1.115 
44 1.206 37.0 32 800 1258 5 960 0.916 29.1 1.163 
45 1.206 37.0 32 800 1.41 5 320 0.728 27.0 ila i 
46 1.206 37.5 33 000 0.920 3 490 0.337 24.5 Tt5S 
47 1.205 39.0 33 900 eye 4 950 0.598 26.5 I PY 
48 1.205 39.5 34 000 0.305 1 191 0.943 91.0 4.910 
49 1.205 41.0 35 000 0.780 3 140 0.254 24.8 1.210 
50 1.205 39.0 33 900 3.26 12 700 3.71 37.8 1.252 
51 1.097 72.5 75 900 6.32 55 100 12.13 46.5 1.190 
52 1.097 (CIS 75 900 5.90 51 500 10.20 42.5 1.105 
53 1.097 73.0 76 200 4.68 41 000 6.45 41.5 1.107 
54 1.097 73.0 76 200 3.26 26 900 3.22 38.6 1.097 
55 1.097 73.5 76 600 3.32 28 300 3.39 40.6 1.135 
56 1.097 13.5 76 600 2.80 24 600 2.43 38.7 1.120 
57 1.097 13.5 76 600 2.43 21 400 1.82 37.4 1.105 
58 1.097 74.0 77 000 2.03 18 000 f3F 39.4 1.210 
59 1.097 74.5 77 600 ad | 10 760 0.478 31.5 1.090 
60 1.097 75.0 78 300 0.776 7 000 0.215 30.0 1.150 
| 
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TABLE 7 


Principat Resuuts or Tests on Frow or Liquips IN 
2-1n. Cast-IRon 90-pEG. ELBows 


Reciprocal 
of Kine- | Average Head Loss : 

Average matic Velocity | Reynolds’ | in Pipe | Equivalent} Head Loss 

Specific | Temp. | Viscosity in ft. Number an Length of | per Elbow 

Gravity sec. per | per sec. Elbows Elbow in | divided by 

Eto lsnary, ft. of brine | pipe di- Velocity 
ameters Head 

deg. F. 1/v v R h 
1 2 3 4 5 6 a 8 9 

1 1.202 63.0 47 000 0.43 3 500 0.069 21.9 1.008 
2 1.202 64.0 47 500 0.60 4 880 0.120 22.3 0.935 
3 1.202 64.0 47 500 0.80 6 560 0.203 22.4 0.878 
ob 1.202 64.0 47 500 1.01 8 270 0.313 22.8 0.848 
5 1.202 64.0 47 500 1.29 10 550 0.490 23.8 0.828 
6 1.202 65.0 48 200 0.26 2 160 0.030 25.6 1.340 
#4 1.202 67.0 49 300 1.65 14 000 0.800 27.8 0.911 
8 1.202 65.0 48 200 2.03 16 900 1.200 30.5 0.952 
9 1.202 65.0 48 200 2.42 20 100 1.740 33.4 1.017 
10 1.202 65.0 48 200 2.20 18 300 1.420 31.7 0.976 
ll 1.202 65.0 48 200 2.68 22 300 2.090 33.4 0.989 
12 1.202 65.0 48 200 3.05 25 400 2.690 36.9 1.062 
13 1.202 65.0 48 200 3.54 29 500 3.570 35.2 1.000 
14 1.202 66.0 48 700 2.11 17 700 1.290 30.9 0.952 
15 1.202 66.0 48 700 2.03 17 000 1.190 30.3 0.947 
16 1.202 67.0 49 300 1.93 16 400 1.090 29.0 0.928 
17 1.207 33.5 30 000 3.42 17 690 3.480 32.6 1.005 
18 1.207 34.0 30 000 3.11 16 100 2.820 30.1 0.945 
19 1.207 35.0 30 500 2.95 15 500 2.570 30.4 0.961 
20 1.207 35.0 30 500 2.65 13 920 2.110 30.4 0.982 
21 1.207 35.5 30 800 2.42 12 880 1.730 28.0 0.923 
22 1.207 36.0 31 000 2.31 12 350 1.550 26.8 0.890 
23 1.207 36.5 32 000 1.98 10 950 1.190 27.6 0.938 
24 1,207 37.5 32 000 1.63 8 990 0.810 25.0 0.895 
25 1.207 38.0 32 500 1.47 8 210 0.678 25.7 0.953 
26 1,207 38.5 32 700 27, 7 130 0.507 24.4 0.918 
27 1.207 39.0 32 800 Te11 6 280 0.398 23.4 0.918 
28 1.207 89.5 33 000 0.861 4 900 0.252 22.7 0.948 
29 1.207 40.0 33 300 0.706 4 050 0.177 22).7 0.990 
30 1.207 40.5 34 000 0.556 3 260 0.124 26.7 1.230 
31 1207 41.5 34 500 0.483 2 870 0.088 21.4 1.020 
32 1202 41.0 34 200 0.431 2 540 0.077 24.2 1.072 
33 1.207 42.0 34 500 0.407 2 420 0.066 21.3 1.065 
34 1.097 71.0 75 000 3.56 46 000 3.440 39.5 1.002 
35 1.097 71.0 75 000 3.20 41 000 2.800 38.1 0.969 
36 1.097 72.0 75 700 2.383 30 400 1.585 38.7 0.998 
37 1.097 72.0 75 700 2.72 35 600 2.150 40.1 1.075 
38 1.097 72.0 75 700 2.94 38 500 2.500 40.1 1.058 
39 1.097 72.0 75 700 1.85 24 200 0.986 34.0 0.990 
40 1.097 72.0 75 700 1.64 21 400 0.784 33.5 0.992 
41 1.097 72.0 75 700 1.34 17 410 0.526 32.2 0.993 
42 1.097 72.0 76 300 0.894 11 780 0.245 29.3 0.984 
43 1.097 73.0 76 500 0.719 9 480 0.158 25.0 0.897 
44 1.097 73.0 76 500 0.560 7 400 0.092 20.7 0.776 
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head loss occurred in the 1144-in. than in the 2-in. elbows. The tests 
reported by McAdams were run with oil and water, and included 
elbows of from % in. to 6 in. No assurance can be had that the elbows 
used were exactly comparable with the ones used in this investigation. 

The pressure loss in an elbow results largely from the action of 
eddies and cross currents rather than from surface friction alone. 
The exact nature of these eddies depends to a large extent on the 
character of the elbow and the amount of pipe thread included, rather 
than on the size of the elbow. Therefore, it is doubtful whether any 
method of dimensional analysis is applicable in the case of elbows. 
Each elbow is probably an individual case, and coincidence of the 
curves is hardly to be expected. Plotting the friction loss against the 
Reynolds’ number, however, affords a convenient means of correlating 
the data and of making comparisons provided that unwarranted con- 
clusions are not drawn. 

A second method of expressing the friction loss in elbows is often 
used in practice. By this method the loss is expressed in terms of the 
head lost in the elbow per velocity head in the pipe. For convenience, 
the results have been plotted on this basis and are shown in Fig. 8. 

The results of these tests as shown in Figs. 7 and 8 are indicative 
of the fallacy that exists in adopting a single value for either the 
length of pipe equivalent to an elbow, or the ratio of head lost to 
velocity head in the pipe, and in using such adopted values over a 
wide range of conditions. The curves show varying values for both 
of these quantities ordinarily used as constants in estimating the 
friction loss in pipe lines. 


VI. APPLICATION OF DATA 


19. Statement of Problem—Assume that the total pressure loss 
in a 2-in. pipe line containing 200 feet of straight pipe and 5 cast- 
iron 90-deg. elbows is required. The weight of brine circulated is 
to be 250 lb. per min. The average temperature of the brine is 25 
deg. F. The specific gravity of the calcium chloride brine to be used 
isl 715; 


20. Solution of Problem—tThe first step in the solution of the 
problem is the determination of the velocity v and the reciprocal 


of the viscosity for the brine. 
Vv 
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Tes WwW 
GO << hoCs <A 


_in which v = velocity of brine in feet per second 

w = weight of brine circulated in pounds per minute 
k = density of water in pounds per cubic foot = 62.4 
s = specific gravity of brine 

A = cross-sectional area of pipe in square feet. 


Vv 


(4) 


Since the nominal diameter of 2-in. pipe is 2.08 in., the value of A 
to be substituted in Equation (4) is 


2 
= 0.0236 sq. ft. 


Hence the velocity is 


i: 250 
~ 60 X 62.4 X 1.15 X 0.0236 


Vv = 2.46 ft. per sec. 

The reciprocal of the viscosity, from Fig. 4, at a temperature of 
25 deg. F. is 32 000. 

Therefore, Reynolds’ number from Equation (2) is 


dv 2.08 X 2.46 X 32 000 


<form ’ 12 


= 13 650. 


) 


From Fig. 7, the equivalent length of one 2-in. elbow, for a Reynolds 
number of 13 650, is 28 pipe diameters. Therefore, the total equiva- 
Boe png feet. The total 
effective length of pipe to be used in Equation (1) then becomes 
200 + 24.3 = 224.3 feet. 

Using the same value of Reynolds’ number, 13 650, from Fig. 5, 
the friction factor f is found to be 0.0082. The mean hydraulic 
pe 208 
he 12S 

from Equation (1) is 
0.0082 x 224.3 x (2.46)? 
2X 32.2 x 0.0433 


lent length of the 5 elbows is 


= 0.0433. Hence the pressure loss as determined 


radius is 


= 3.99 feet of brine. 


Expressed in pounds per square inch this becomes 


3.99 X 62.4 X 1.15 


144 = 1.99 lb. per sq. in. 
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VII. ConcLusIons 


21. Summary and Conclusions—As a result of this investigation 
the following conclusions may be drawn: 

(1) The use of the Reynolds’ number affords a means of correlating 
friction factors over a wide range of conditions and is independent of 
the fluid used, in cases in which channels with geometrically similar 
cross-sections are involved. 

(2) In the case of the two commercial pipes used in this investiga- 
tion the difference in the roughness of the rubbing surfaces did not in- 
troduce deviations in the friction factor of sufficient magnitude to be 
taken into serious consideration when a single mean curve was used 
to represent all of the data. 

(3) The use of the Reynolds’ number for correlating friction fac- 
tors in cases of channels in which the cross-sections are not geometri- 
cally similar is not strictly justifiable, although for any particular 
section it serves to correlate the friction factors with the temperature, 
velocity, and viscosity for all fluids. 

(4) The Reynolds’ number is not applicable for correlating the 
head lost in elbows, but does afford a convenient means for express- 
ing and plotting the data. 

(5) The loss in head in an elbow is largely influenced by the 
presence of eddies and cross currents, rather than by surface friction. 
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